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Ab initio real-spae Hartree-Fok and orrelated approah to optial dieletri
onstants of rystalline insulators
Priya Sony and Alok Shukla
Physis Department, Indian Institute of Tehnology, Powai, Mumbai 400076, INDIA
In this paper we present an approah aimed at alulating the optial dieletri onstant (ǫ∞)
of rystalline insulators both at the Hartree-Fok, and orrelated levels. Our sheme employs a
real-spae methodology, employing Wannier funtions as the basi building bloks. The sheme has
been applied to ompute ǫ∞ for LiF, LiCl, MgO, and Li2O. In all the ases, results of orrelated
alulations, based upon systemati many-body orretions beyond Hartree-Fok, exhibit exellent
agreement with the experiments. To the best of our knowledge, the alulations presented here are
the rst of their kind for bulk solids.
PACS numbers: 77.22.-d, 71.10.-w, 71.15.-m
I. INTRODUCTION
It is of onsiderable interest to be able to ompute
various properties of solids using an ab initio method-
ology based upon their many-partile wave funtions
1
.
Suh an approah allows one to initiate the alulations
at the Hartree-Fok level, and then systematially im-
prove them by inluding the eletron-orrelation eets
to the desired level of sophistiation
1
. In our reent
work, we have developed suh a methodology for per-
forming eletroni struture alulations on rystalline
insulators
2,3,4,5,6
. The approah employs a real-spae
philosophy with Wannier funtions (WFs) used as the
single-partile basis
2,3,4
. Eletron-orrelation eets are
subsequently inluded by employing the inremental
sheme whih is nothing but a Bethe-Goldstone-like
many-body hierarhy, onsisting of virtual exitations
into loalized unoupied orbitals
7
. Early appliations
of this approah onsisted of alulations of ground state
geometries, ohesive energies, and elasti properties of
rystalline insulators at the Hartree-Fok level
2,3,4
, as
well as at the many-body level
5,6
. Reently, we extended
the approah to perform both Hartree-Fok and many-
body alulations of the Born eetive harges of insula-
tors using a nite-eld approah
8
. In the present work
we further extend our approah to ompute a very im-
portant quantity assoiated with dieletris, namely the
optial dieletri onstant ǫ∞. Optial dieletri on-
stant is a quantity to whih eletron orrelation eets
an make signiant ontributions. The fat that it is
diult to ompute this quantity aurately is obvious
beause it is only in the seond-order perturbation ex-
pansion of the total energy that the orretions due to
the polarizability of the system make their rst appear-
ane. In this paper we demonstrate that our ab initio
Wannier-funtion-based methodology an also be used to
perform aurate alulations of ǫ∞, by reporting results
on bulk LiF, LiCl, MgO, and Li2O. The theoretial re-
sults in all the ases are in very good agreement with the
experiments. Besides exploring the inuene of eletron-
orrelation eets on ǫ∞, we also examine the inuene
of the hoie of basis funtions on this quantity. We on-
lude that the best omputation of eletron-orrelation
eets is ahieved only if the basis set is of good quality.
Additionally, wherever possible, we also ompare our re-
sults on ǫ∞ to those obtained using the density-funtional
theory (DFT) based approahes.
Remainder of this paper is organized as follows. In
setion II we briey disuss the theoretial aspets of our
approah. Next, in setion III we present and disuss the
results of our ab initio alulations performed on various
systems. Finally, in setion IV we present our onlu-
sions.
II. THEORY
Starting point of our approah is the expression of the
eletroni ontribution to the polarization per unit ell
(dipole moment per unit volume, P
(e)
) dened as the
expetation value
10
P
(e) =
qe
NΩ
〈Ψ0|Re|Ψ0〉, (1)
where Ω is the volume of the unit ell, qe is the ele-
troni harge, N (→ ∞), represents the total number
of unit ells in the rystal, Re =
∑Ne
k=1 rk is the many-
partile position operator for the Ne eletrons of the rys-
tal, and |Ψ0〉 represents the orrelated ground-state wave-
funtion of the innite solid. From the polarization, the
dieletri suseptibility tensor (per unit ell) of the solid
(χij) an be omputed as
χij =
∂P
(e)
i
∂Ej
(2)
where, E is the external eletri eld, and i and j refer
to the Cartesian omponents of the vetor quantities in-
volved. For the ubi rystals onsidered here, only the
diagonal omponents of χij are nonzero, whih we de-
note as χ, heneforth. Finally, the dieletri onstant of
the rystal an be omputed from the well know expres-
sion ǫ = 1 + 4πχ. By omputing the polarization of the
2rystal for atomi positions orresponding to its ground
state (i.e. no relaxation in the presene of applied eletri
eld), the dieletri onstant obtained will be the optial
dieletri onstant ǫ∞ of the rystal. In the present work,
we avoid the tedious route of alulating rst the orre-
lated many-partile wave funtion of the system (|Ψ0〉),
followed by the expetation value of the dipole operator
(f. Eq. (1)) and its subsequent derivative. Instead,
we use the generalized Hellman-Feynman theorem, and
the nite-eld approah of omputing dipole expetation
values
11
. Aordingly, we employ the modied Hamilto-
nian
H ′(E) = H0 − qeE ·
Ne∑
k=1
rk, (3)
where H0 is the usual Born-Oppenheimer Hamiltonian
for the solid, and E is a user speied external eletri
eld
12
. This leads to the modied Hartree-Fok equa-
tions in the Wannier representation
(T + U + 2J −K + λPE − qeE·r)|α〉 = ǫα|α〉, (4)
where T represents the kineti-energy operator, U is the
eletron-nuleus potential energy, J is the Coulomb term
(or the diret term) of the eletron-eletron repulsion, K
is the orresponding exhange term, PE is the projetion
operator onstruted from the WFs in the short-range
environment E of the referene unit ell, λ is a large shift
parameter, |α〉 is one of the WFs in the referene unit
ell, and ǫα is the orresponding eigenvalue. The proje-
tion operator PE , oupled with λ, plays the role of the
loalizing potential, leading to self-onsistent alulation
of WFs loalized in the referene unit ell.
2,3
The nota-
tions used here are onsistent with those in our original
work aimed at diret determination of WFs of rystalline
insulators
2,3
, and are explained there in detail. The nov-
elty of Eq. (4), as ompared to the original Hartree-Fok
equations
2,3
, is the presene of the term orresponding to
the eletri eld. Thus the WFs |α〉 above, are obtained
in the presene of an external eletri eld, and there-
fore inlude the eets of dieletri polarization as also
enuniated by Nunes and Vanderbilt for tight-binding
Hamiltonian
12
. One has to be areful in hoosing the
values of the eletri eld E, beause very large values
an destroy the lower-bounds of the spetrum leading to
atastrophi results
12
. In the present work the maximum
magnitude |E| = 0.01 a.u. was used, and it did not ause
any numerial problems.
One the Hartree-Fok equations for the systemwith
and without the external eletri eld Ehave been
solved, the orrelation eets are inluded by adopting
the approah desribed in our earlier papers.
5,6,8
For both
types of many-body alulations (i.e. with and without
the eletri eld), the orrelation energy per unit ell is
omputed as per inremental expansion
7
,
Ecorr =
∑
i
ǫi +
1
2!
∑
i6=j
∆ǫij +
1
3!
∑
i6=j 6=k
∆ǫijk + · · · (5)
where ǫi, ∆ǫij , ∆ǫijk, . . . et. are respetively the one-,
two- and three-body, . . . orrelation inrements obtained
by onsidering simultaneous virtual exitations from one,
two, or three oupied WFs, and i, j, k, . . . label the
WFs involved
5
. The total orrelated energy/ellEcell an
be simply obtained by adding Ecorr to the Hartree-Fok
energy EHF of the system, i.e., Ecell(E) = EHF (E) +
Ecorr(E). In the previous equation we have inluded the
external eletri eld E expliitly in the parentheses to
highlight the fat that all the energies involved in the ex-
pression depend upon it. As in our earlier works, the or-
relation approah used for omputing various inrements
was the full onguration-interation (FCI) method, and
the inremental expansion was restrited to the two-body
terms
5,6,8
. For all the materials investigated, there are
four valene WFs (ns and three np funtions, n being
the prinipal quantum number of the valene band) per
unit ell. Therefore, the number of one- and two-body
inrements for these materials is quite large. However, by
using various point-group symmetries, we signiantly re-
dued the total number of inrements atually omputed.
Finally, the suseptibility/ell of the system onerned is
obtained using the relation
χij = −
∂2Ecell
∂Ei∂Ej
. (6)
The seond derivative of the total energy/ell, with re-
spet to the external eletri eld needed in the equa-
tion above is omputed numerially, using the well-known
entral-dierene formula.
III. CALCULATIONS AND RESULTS
Present alulations were performed using lobe-type
Gaussian basis funtions employed in our earlier works
as well
2,3,4,5,6,8
. For MgO, we used the basis set used
by MCarthy and Harrison
9
. For Li2O, LiCl, and MgO
we went beyond the sp-type basis sets, and augmented
them with a single d-type funtion entered on the an-
ion, with the exponents 0.8 for O in MgO, 0.65 for O
in Li2O, and 0.9 for Cl in LiCl. The short range en-
vironment region E (f. Eq.(4)) was taken to inlude
up to third-nearest neighbors of the referene unit ell.
Therefore, the unit ell WFs for all the materials stud-
ied were desribed using basis funtions entered in the
ells as far as the third-nearest neighbors of the referene
ell
2,3
. For all the ompound we used the experimental
values of the lattie onstants whih were of 4.19 Å for
MgO, 4.573 Å for Li2O, 3.99 Å for LiF, and 5.07 Å
for LiCl. For all the systems, the f geometry was as-
sumed. In MgO, LiF, and LiCl, the anion and the ation
loations in the primitive ell were taken to be (0, 0, 0)
and (a/2, 0, 0), respetively, while in Li2O, the anion was
loated at (0, 0, 0), and ations were loated at positions
3(±a/4,±a/4,±a/4), where a is the lattie onstant. Dur-
ing the orrelated alulations, for LiF and Li2O, the 1s
WFs of both the ations and the anions were treated as
frozen ore. In MgO, 1s WFs of both the atoms, while
2s, and 2p WFs loated on the Mg were held frozen. In
ase of LiCl, 1s WF of Li, and 1s, 2s, and 2p WFs of
Cl were held frozen, while 3s, and 3p hlorine WFs were
orrelated. Thus, during the orrelated alulations, the
virtual exitations were onsidered only from the valene
WFs of the respetive ompounds. For numerial al-
ulations of the suseptibility (see Eq. (6)), we used the
entral dierene formula for the seond derivative, along
with the values of the external eletri eld E ranging
from ±0.001 a.u. to ±0.01, in the x diretion.
Results of our alulations are presented in tables I
and II. Finally, in table III, our best results are ompared
with the experimental values, and also with those of other
authors. First, we examine Table I whih presents the
alulated values of ǫ∞ for LiF, Li2O, LiCl, and MgO
obtained at the HF level, and at various levels of orrela-
tion treatment, employing dierent basis sets. As men-
tioned earlier, we have inluded orrelation orretions
using a real-spae Wannier-funtion-based approah de-
veloped earlier by us
5,6,8
. In the present ase, the in-
luded orrelation ontributions orrespond to one- and
two-body inrements onned to the WFs in the refer-
ene ell. Thus two-body ontributions orresponding to
WFs in the nearest-neighboring ells (and beyond) have
not been inluded. Elsewhere, we will report that the
orrelation ontributions to ǫ∞ arising from two-body in-
rements derease rapidly with the inreasing distanes
between the WFs involved. Therefore, the inlusion of
orrelation inrements reported here will sue for most
ases. When we ompare the results of our best alu-
lations to the experimental ones (f. table III), we nd
that generally the agreement between the two is exellent.
The maximum disagreement is for MgO, with a relative
error of 6.8%. For other three ompounds the relative
error is well below 5%. Next we analyze the results of
these materials one-by-one. Upon omparing the results
of our Hartree-Fok values of ǫ∞ for LiF with the experi-
mental one, we obtain very good agreement between the
two with the theoretial value being slightly smaller than
the experimental one. Next, when we inlude the orre-
lation eets, the theoretial value inreases a bit, but
still stays in a exellent agreement with the experimental
value. For the ase of MgO, we note that the results ob-
tained with the sp basis set are in poor agreement with
the experiments, the disagreement being ≈27%. Upon
inluding the single d-type exponent, the improvement
in the results begins at the HF level itself, with the or-
relation ontributions eventually bringing the results in
lose agreement with the experiments. In table I, similar
trends are seen for the remaining ompounds Li2O and
LiCl in that the results are generally in poor agreement
with the experiments if only the sp basis sets are used,
however, inlusion of d exponent brings them in exel-
lent agreement with the experiments. Noteworthy point
is that it is only with the inlusion of d exponents that
orrelation ontributions are signiant, a point whih is
well-known in the quantum-hemistry ommunity in the
ontext of polarizability alulations
13
. Now the ques-
tion arises as to why exellent results were obtained for
LiF just with the sp basis set, while for MgO, Li2O, and
LiCl inlusion of the d exponents was essential. The fat
that for LiF, exellent results are obtained even without
the use of d-type funtions, is a lear indiation of the
fat that in F
−
ion valene eletrons are extremely loal-
ized owing to the large eletron anity of uorine, and,
therefore, an be desribed well with an sp basis set. For
Li2O we attribute the large inuene of d-type funtions
to the extremely diuse nature of the valene eletrons
of O
−−
ion. As a matter of fat, O
−−
ion does not exist
in free form, and is stabilized only beause of the rystal
eld. Similarly, Cl
−
ion is omparatively more diuse as
ompared to the F
−
ion, thereby requiring the use of the
d-type funtions. The other trend whih is learly visible
from table I is that when the alulations are performed
with a proper basis set, inlusion of the eletron orrela-
tion eets brings the results in muh loser agreement
with the experimental values, as ompared to the HF
results.
Next in table II we examine the relative ontributions
dierent orrelation inrements to the value of ǫ∞ of
these materials. Inspetion of the table reveals that some
very lear trends are visible regarding various ontribu-
tions. In all the ases it is seen that the inlusion of
the one-body inrements inreases the value of the ǫ∞
with respet to the HF value. As far as the ontribution
of the two-body inrements is onerned, table II reveals
that for all the materials exept for LiF, this ontribution
is negative when the sp basis set is employed. This, in
our opinion, is a onsequene of an inadequate basis set.
One the spd basis sets are employed for these materials,
the ontribution of this inrement beomes signiantly
larger in magnitude, and positive in sign, to bring the
nal values of ǫ∞ in exellent agreement with the exper-
iments.
Finally, in table III we ompare the results of our al-
ulations with those of other authors. As far as the DFT-
based approahes are onerned, one very powerful ap-
proah aimed at omputing ǫ∞ is the density-funtional
perturbation theory (DFPT) method
14
. But, for the ma-
terials onsidered here, we were unable to loate any al-
ulations of ǫ∞ based upon DFPT. However, in the lit-
erature we found several results on ǫ∞ based on other
DFT-based approahes whih we disuss next. Umari
and Pasquarello
15
presented ab initio moleular dynam-
is based alulations of ǫ∞ of MgO, performed in the
presene of a nite eletri eld. Mei et al.
16
performed
DFT-based alulations of ǫ∞ of LiF and LiCl, using lo-
alized harge densities. For LiF and several other ma-
terials, Bernardini and Fiorentini
17
reported alulations
of ǫ∞ using a polarization approah in whih they per-
formed DFT-based alulations on slabs of the material
to alulate marosopi polarization. Then they ob-
4tained the values of ǫ∞ by using a relation between the
interfae harge, polarization dierene and ǫ∞. To the
best of our knowledge no prior alulations of ǫ∞ of Li2O
exist. When we ompare our results on MgO with those
of Umari and Pasquarello
15
, it is obvious that the two
results are in exellent agreement with eah other. For
LiF, our results and those of Mei et al.
16
agree almost
perfetly, while the ones of Bernardini and Fiorentini
17
overestimate the experimental value. For LiCl results of
Mei et al. overestimate ǫ∞ somewhat as ompared to
the experimental value, while our results are almost in
perfet agreement with the experiments.
IV. CONCLUSIONS
In onlusion, we have presented an ab initio wave-
funtion-based approah aimed at omputing the optial
dieletri onstant of insulators both at the Hartree-Fok
level, and the orrelated level, employing a real-spae
Wannier-funtion-based formalism. The approah was
applied to ompute the ǫ∞ of rystalline LiF, Li2O,
LiCl, and MgO, and very good agreement with the
experimental results was obtained. The attrative
aspet of the approah is that the orrelation eets
are organized as per a Bethe-Goldstone-like many-body
hierarhy, whih makes itself amenable to systemati
expansion or trunation. The inuenes of various terms
in this orrelation hierarhy on the value of ǫ∞ was
examined for all the systems, whih, in our opinion,
leads to a deeper understanding of the many-body
eets. Additionally, the inuene of the hoie of basis
set on the omputed values of ǫ∞ was also explored.
The results presented in this work suggest that this
methodology holds promise, and its appliations to more
omplex systems suh as perovskites will be pursued in
future.
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